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We consider two data assimilation problems for the heat equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega \subset \mathbb R^n$$\end{document}$ is open. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$0< T_1 < T_2 \le T$$\end{document}$. Both the data assimilation problems are of the following general form: determine the restriction $\documentclass[12pt]{minimal}
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                \begin{document}$$u|_{(T_1, T_2) \times B}$$\end{document}$ of a solution to the heat equation ([1](#Equ1){ref-type=""}) given *f* and the restriction $\documentclass[12pt]{minimal}
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                \begin{document}$$u|_{(0,T) \times \omega }$$\end{document}$. The crucial difference between the two problems is that in the first problem we do not make any assumptions on the boundary condition satisfied by *u*, whereas in the second problem we assume that it satisfies the lateral Dirichlet boundary condition $\documentclass[12pt]{minimal}
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                \begin{document}$$u|_{(0,T) \times \partial \Omega } = 0$$\end{document}$. We emphasize that, in both the problems, no information on the initial condition satisfied by *u* is assumed to be known.

For the first problem we assume the following geometry,*B* is connected, $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega \subset B$$\end{document}$, and the closure $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{\Omega }$$\end{document}$ is a compact, convex, polyhedral domain.The first problem is conditionally Hölder stable, and this stability is optimal. More precisely, the following continuum stability estimate holds.

Theorem 1 {#FPar1}
---------
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                \begin{document}$$0< T_1< T_2 < T$$\end{document}$. Suppose that an open set $\documentclass[12pt]{minimal}
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                \begin{document}$$B \subset \Omega $$\end{document}$ satisfies (A1). Then there are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C > 0$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa \in (0,1)$$\end{document}$ such that for all *u* in the space$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\Vert u\Vert _{L^2(T_1, T_2; H^1(B))} \le C (\Vert u\Vert _{L^2((0, T) \times \omega )} \\&\quad + \Vert L u\Vert _{(0,-1)})^\kappa (\Vert u\Vert _{L^2((0, T) \times \Omega )} + \Vert L u\Vert _{(0,-1)})^{1-\kappa }, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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In Theorem [1](#FPar1){ref-type="sec"}, the factor with the power $\documentclass[12pt]{minimal}
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                \begin{document}$$\Vert u\Vert _{L^2((0, T) \times \Omega )}$$\end{document}$ as an apriori bound for the unknown *u*. Let us also emphasize that the assumption $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{B} \cap \partial \Omega \ne \emptyset $$\end{document}$ then the optimal stability is conditionally logarithmic. The second problem is stable.

Theorem 2 {#FPar2}
---------
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                \begin{document}$$\begin{aligned} H^1(0,T; H^{-1}(\Omega )) \cap L^2(0,T; H_0^1(\Omega )), \end{aligned}$$\end{document}$$it holds that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\Vert u\Vert _{C(T_1, T; L^2(\Omega ))} + \Vert u\Vert _{L^2(T_1, T; H^1(\Omega ))} + \Vert u\Vert _{H^1(T_1, T; H^{-1}(\Omega ))}\\&\quad \le C (\Vert u\Vert _{L^2((0, T) \times \omega )} + \Vert L u\Vert _{(0,-1)}). \end{aligned}$$\end{document}$$

The estimates in Theorems [1](#FPar1){ref-type="sec"} and [2](#FPar2){ref-type="sec"} are tailored to work well with the finite element discretizations that are the main topic of the present paper. We review the literature on continuum stability estimates and give the proofs bridging the gap between the existing estimates and those in Theorems [1](#FPar1){ref-type="sec"} and [2](#FPar2){ref-type="sec"} in an "Appendix".

In what follows, we call the two data assimilation problems the unstable and the stable problem, respectively. We use the shorthand notation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\partial _t u- \Delta u = f$$\end{document}$. Our approach to solve the data assimilation problem, in both the cases, is based on minimizing the Lagrangian functional$$\documentclass[12pt]{minimal}
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In this paper we consider only semi-discretizations, that is, we minimize $\documentclass[12pt]{minimal}
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An important feature of the present work is that the choice of the regularizing terms is driven by the analysis and designed to give error estimates that reflect the approximation properties of the finite element space and the stability of the continuous model. In particular, when the continuous model is Lipschitz stable, we obtain optimal error estimates in the usual sense in numerical analysis, that is, the estimates are optimal compared to interpolation of the exact solution. This is the case for the second model problem introduced above. The regularization is constructed on the discrete level, that is, *s* and $\documentclass[12pt]{minimal}
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We show how the different stability properties of the two model problems lead to different regularization operators. The choice for a given problem is not unique, and the design of regularizing terms leading to optimal estimates can also be driven by computational considerations, such as computational cost or couplings in the discrete formulations. Therefore we present an abstract framework for the design of regularization operators. When measurement errors are present we also show how to quantify the damping of perturbations.

For the unstable problem, under suitable choices of the semi-discrete spaces and the regularization, we show that ([6](#Equ6){ref-type=""}) has a unique minimizer $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa \in (0,1)$$\end{document}$ is the constant in Theorem [1](#FPar1){ref-type="sec"}, and the norms on the right-hand side capture the assumed apriori smoothness, see Theorem [3](#FPar11){ref-type="sec"} below for the precise formulation. For the stable problem, we establish an analogous result but with $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa = 1$$\end{document}$, that is, the convergence rate reflects now the stability estimate in Theorem [2](#FPar2){ref-type="sec"}. Moreover, in the stable case, we can replace the norm on the left-hand side of ([7](#Equ7){ref-type=""}) with the stronger norm in Theorem [2](#FPar2){ref-type="sec"}, see Theorem [6](#FPar20){ref-type="sec"} below for the precise formulation.

We consider the time discretization of the stable problem in a separate paper \[[@CR10]\]. The approach there is an extension of the strategy in the present paper: a Lagrangian of the form ([6](#Equ6){ref-type=""}) is first discretized and then the stabilizers are chosen in the discrete spaces. The main difference is that an additional stabilization in time is required. In \[[@CR10]\] we describe also two computational implementations of the method: one using an off-the-self linear solver, and the other using an iterative scheme that is based on the interpretation of the Euler--Lagrange equation for ([6](#Equ6){ref-type=""}) as a system of two coupled heat equations. Let us also remark that the convergence analysis of our method is unchanged if the stabilizers in ([6](#Equ6){ref-type=""}) are rescaled. We provide a computational study of such rescaling in \[[@CR10]\].

Previous literature {#Sec2}
-------------------

The classical approach to data assimilation and inverse problems is to introduce Tikhonov regularization on the continuous level \[[@CR2], [@CR15], [@CR26]\] and then discretize the well-posed regularized model. The use of Carleman estimates for uniqueness of inverse problems and the quantification of stability was first proposed in \[[@CR7]\]. The use of conditional stability to choose a Tikhonov regularization parameter has been explored in \[[@CR13]\]. Nevertheless a common feature of all methods where regularization takes place on the continuous level is that the accuracy of the reconstruction will be determined by the regularization error, leaving no room to exploit the interplay between discretization and regularization.

The method we propose is an instance of the so-called 4DVAR method \[[@CR21]\]. The analysis in the present paper, which draws on previous ideas in the stationary case \[[@CR8], [@CR9], [@CR11]\], is to our best knowledge the first complete numerical analysis of a 4DVAR type method. The main characteristic of our approach is to separate the numerical stability and the stability of the continuous model, and use the continuous stability estimate in the perturbation analysis.

In contrast, another recent approach to parabolic data assimilation problems is to derive Carleman estimates directly on the discrete scheme \[[@CR3], [@CR4]\], which may then be used for convergence analysis. Other methods for data assimilation include the so called back and forth nudging \[[@CR1]\] and methods using null-controllability \[[@CR18], [@CR23]\]. In the former case, forward and backward solves are combined with filtering techniques (or penalty) to drive the approximate solution close to data, and the latter case leads to an approximation algorithm which uses auxiliary optimal control problems. For another example of a finite element method for identification of the initial data using Tikhonov regularization see \[[@CR12]\] and for a discussion of different approaches to numerical approximation of control and inverse problems we refer to the monograph \[[@CR17], Chapter 5\].

Spatial discretization {#Sec3}
======================

We begin by observing that we may assume without loss of generality that $\documentclass[12pt]{minimal}
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Spatial jump stabilizer {#Sec4}
-----------------------
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### Lemma 2 {#FPar5}
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The unstable problem {#Sec5}
====================

There are several possible choices for the primal and dual stabilizers *s* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s^*$$\end{document}$ in ([6](#Equ6){ref-type=""}), and different choices lead to numerical methods that may differ in terms of practical performance. To illustrate the main ideas of our approach, we begin by considering a concrete choice of the stabilizers in Sect. [3.1](#Sec6){ref-type="sec"}, and give an abstract framework in Sect. [4](#Sec9){ref-type="sec"}.
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A model case {#Sec6}
------------

We choose the following primal and dual stabilizers$$\documentclass[12pt]{minimal}
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Error estimates {#Sec7}
---------------

In this section we show that the solution $\documentclass[12pt]{minimal}
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### Theorem 3 {#FPar11}
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The effect of perturbations in data {#Sec8}
-----------------------------------

In practice the data *f*, *q* in ([3](#Equ3){ref-type=""}) are typically polluted by measurement errors. Such effects can easily be included in the analysis and we show in this section how the above results must be modified to account for this case. We consider the case where *f*, *q* in ([28](#Equ28){ref-type=""}) are replaced by the perturbed counterparts$$\documentclass[12pt]{minimal}
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First we consider again the residual quantities as in Lemma [4](#FPar9){ref-type="sec"}.
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The error estimate of Theorem [3](#FPar11){ref-type="sec"} may now be modified to include the perturbations.

### Theorem 4 {#FPar15}
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### Proof {#FPar16}

We proceed as in the proof of Theorem [3](#FPar11){ref-type="sec"}, but due to the perturbation, the Galerkin orthogonality ([33](#Equ33){ref-type=""}) no longer holds exactly and we obtain$$\documentclass[12pt]{minimal}
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According to Theorem [4](#FPar15){ref-type="sec"}, the error of the numerical approximation can diverge if no function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{u}$$\end{document}$ exists such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial _t \tilde{u} - \Delta \tilde{u} = \tilde{f}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{u}\vert _{(0,T) \times \omega } = \tilde{q}$$\end{document}$. On the other hand, in the context of a specific application, an estimate on the noise level might be available, and this can be used to choose a suitable mesh size. That is, assuming that there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h_0>0$$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \delta (\tilde{q},\tilde{f}) \le h_0 (\Vert u\Vert _{*} + \Vert f\Vert ), \end{aligned}$$\end{document}$$then for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h>h_0$$\end{document}$ there holds$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert u_h - u\Vert _{L^2(T_1, T_2; H^1(B))}&\le C h^\kappa (\Vert u\Vert _{*} + \Vert f\Vert )^\kappa . \end{aligned}$$\end{document}$$

A framework for stabilization {#Sec9}
=============================

Before proceeding to the stable problem, we introduce an abstract stabilization framework based on the essential features of the model case in Sect. [3.1](#Sec6){ref-type="sec"}.
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It can be verified that the following analogue of Theorem [3](#FPar11){ref-type="sec"} holds under these assumptions.

Theorem 5 {#FPar17}
---------
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The stable problem {#Sec10}
==================

Let us now consider the stable problem with the additional lateral boundary condition $\documentclass[12pt]{minimal}
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We will now proceed to a concrete case. The choices in Sect. [4](#Sec9){ref-type="sec"} work also in the stable case, however, the additional structure allows us to choose a weaker stabilization. The use of a weaker stabilization is motivated by the fact that it leads to a weaker coupling of the two heat equations in ([28](#Equ28){ref-type=""}), which again can be exploited when solving ([28](#Equ28){ref-type=""}) in practice. See \[[@CR10]\] for a computational implementation based on this.
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Lemma 6 {#FPar18}
-------

The choices ([45](#Equ45){ref-type=""})--([47](#Equ47){ref-type=""}) satisfy the properties ([41](#Equ41){ref-type=""})--([44](#Equ44){ref-type=""}), ([26](#Equ26){ref-type=""}) and ([30](#Equ30){ref-type=""}). Moreover, $\documentclass[12pt]{minimal}
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Proof {#FPar19}
-----

It is clear that the continuities ([41](#Equ41){ref-type=""}) hold. We begin with the lower bound ([42](#Equ42){ref-type=""}). By the orthogonality ([47](#Equ47){ref-type=""}),$$\documentclass[12pt]{minimal}
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In the stable case we have the following convergence rate.

Theorem 6 {#FPar20}
---------
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The proof is analogous to that of Theorem [3](#FPar11){ref-type="sec"}, however, we give it here for the sake of completeness.

Proof {#FPar21}
-----
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Remark 1 {#FPar22}
--------

If the data *q*, *f* is perturbed in the stable case, the data assimilation problem behaves like a typical well posed problem, that is, the term $\documentclass[12pt]{minimal}
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Conclusion {#Sec11}
==========

In the present paper our aim was to show how methods known from the theory of stabilized finite element methods can be applied to the design of computational methods for non-stationary data assimilation problems by first discretizing and then regularizing the corresponding 4DVAR optimization system.

A key feature of this framework is that the error analysis is based on numerical stability of residual quantities that are independent of the stability properties of the continuous model. The residual quantities are then bounded by using conditional stability estimates, based on Carleman estimates, to derive error estimates that reflect the approximation properties of the finite element space and the stability of the continuous problem in an optimal way. An upshot of this approach is that it gives a clear lead on how to design regularization for a given problem in order to obtain the best accuracy of the approximation with the least effect of perturbations in data.

Observe that the stabilization operators proposed herein are not unique, for instance it is straightforward to show that the dual stabilizer in Eq. ([19](#Equ19){ref-type=""}) may be chosen as the first part of the primal stabilizer, leading to similar error estimates for unperturbed data. The error estimates also gives an indication on what form Carleman estimates should take to make them immediately applicable for error analysis.

Appendix: Continuum estimates {#Sec12}
=============================

Theorem [1](#FPar1){ref-type="sec"} is a consequence of the so-called three cylinders inequality that goes back to \[[@CR19]\], see \[[@CR27], [@CR28]\] for an overview of the related literature. The variant of the inequality, needed in the above convergence analysis, seems not to appear in the literature, and we prove it here by using the Carleman estimate \[[@CR20]\].

Theorem [2](#FPar2){ref-type="sec"} is a variant of \[[@CR14]\], the difference being that in \[[@CR14]\] the domain $\documentclass[12pt]{minimal}
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Now \[[@CR14], Lemma 1.3\] can be written in the following form:
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